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0. Introduction 
The present paper grew out of an attempt to find a relationship between the 
homology of a group G and the homology of the (graded) Lie ring LG associated 
with the lower central series of G. It is well known that H,(G)=H,,(LG) for all 
n 30 if G is free or free abelian. Such a statement is of course not to be expected 
for an arbitrary G. However, we shall present quite general results for finitely 
generated nilpotent groups. 
For a commutative ring k (in particular, if k is a field or if k = Z) the Lie ring 
LG @k is intimately related to the graded ring gr kG associated with the aug- 
mentation filtration of the group ring kG [12], [2]. It is therefore natural to discuss 
the above question in the more general framework of filtered and associated graded 
rings. The main tool is a spectral sequence which has its origins in commutative 
algebra [13, p. II. 171. For any filtered ring R, any filtered left R-module h4 and any 
filtered right R-module N there is a spectral sequence with initial term E’= 
To? R (gr N, gr M) which under suitable conditions converges to TorR (N, M). 
In Section 1 we describe descending filtrations in a form which seems most 
suitable for our purpose. Section 2 deals with finiteness conditions, the AR- 
property, projective covers and minimal resolutions in the context of filtered rings 
and modules. These concepts are of crucial importance in Section 3, where con- 
vergence criteria for the above spectral sequence are given. For adically filtered 
rings the result reads as follows: 
Let A be a ring filtered by the powers of a two-sided ideal J, which is finitely 
generated as a left ideal. If either 
(i) A and gr A are both Noetherian (coherent) and J satisfies the AR-property 
or 
(ii) A is complete and gr A is Noetherian (coherent), then there is a finitely 
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convergent spectral sequence 
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TorPrA(A/J, gr M)+TorA(A/J, M) 
for any finitely presented J-adically filtered R-module M. If, in addition, A/J is a 
field, then 
TorgrA(A/J, gr M)= TorA(A/J, M). 
Section 3 ends with some remarks about local rings. The applications to groups 
and associated Lie rings occupy the last section. The following results are proved: 
Let G be a finitely generated nilpotent group and let for any prime p or p = 0, 
L’G be the Lie ring associated with the lower central p-series of G. 
(i) If k is a field of characteristic p and G is nilpotent (p), then 
H(L”G, k) = H(G, k). 
(For p > 0 the condition is satisfied if and only if G is a finite p-group [ 171.) 
(ii) If LG is Z-free, then there is a finitely convergent spectral sequence 
H&G)+ H(G). 
The Koszul complex is then used to obtain more specific results in certain cases. 
Some possible (and impossible) generalizations are indicated. There are of course 
applications of our results that have not been touched in this paper; for example, 
questions concerning (weak) homological dimensions. I should like to thank Franz 
Bachmann for valuable suggestions and discussions. 
1. Descending filtrations and graded modules 
1.1. Throughout this paper C will denote the category of modules over a com- 
mutative ring k. It is convenient to consider both filtrations and graded modules as 
objects of the abelian category CN whose objects are inverse systems 
G: + G(n + l)+ G(n)+. . + G(l)+ G(0) 
and whose morphisms are compatible families of homomorphisms. CN is just the 
category of functors G: N + C where N = (FU, 2) is the linearly ordered set of 
natural numbers (including 0) viewed as a category. A descending filtration is then 
an inverse system of monomorphisms 
G:. . . 2-, G(n + 1) 2-, G(n) ,+. . . -G(l) - G(0). 
A graded module is an inverse system of zero homomorphisms, i.e.: a sequence of 
modules 
G: . , G(n + l), G(n), . , G(l), G(0). 
On the homology of filtered and graded rings 23 
A filtration G is called separated if nG(n)= 0 and complete if G(n)= 
@r G(n)/G(n + m) for all n 3 0. 
1.2, If G is an inverse system then the associated systems FG, SG, 6 and gr G 
defined by 
FG(n)= im(G(n)+ G(O)), SG(n)= FG(n)/nFG(m), 
G(n) = @ FG(n)/FG(n + m), gr G(n) = cok(G(n + l)+ G(n)) 
m 
are a filtration, a separated filtration, a complete filtration and a graded object, 
respectively. All these associations are of course functorial and make the category 
of filtrations, of separated filtrations, of complete filtrations and of graded modules 
full reflective subcategories of CN. Note that the natural epimorphism 
gr G + gr FG is an isomorphism if and only if G is a filtration. 
1.3. Let fC and CN’ be the full (reflective) subcategories of CN whose objects are 
filtrations and graded objects, respectively. C IN’ is of course abelian. The category 
of filtrations fC is additive but not abelian. A monomorphism of filtrations G w H 
is a kernel if and only if G(n) = H(n)n H(0) for all n 3 0. An epimorphism G -H H 
is a cokernel if and only if G(n)+H(n) is an epimorphism for all n 20. Every 
morphism (Y in fC has a unique (up to isomorphism) regular decomposition a = 
m . e, where e is a cokernel and m is a monomorphism. (Y is called regular if the 
monomorphism in its regular decomposition is a kernel. In particular, the kernels 
are the regular monomorphisms and the cokernels are the regular epimorphisms. 
This concept of regularity will be important throughout the paper. In an abelian 
category such as CN and CiN’ every morphism is of course regular. We shall often 
refer to the following well known proposition. 
1.4. Proposition. Let a and p be morphisms of filtered modules. 
(i) If a is a regular epimorphism and /3 is its kernel, then gr (Y is an epimorphism 
and gr /3 is its kernel. 
(ii) If gr cy is an epimorphism and gr /3 is its kernel, then 6 is a regular epimorphism 
and 6 is its kernel. 
A proof can be found in [l] and also in [13]. For (ii) use the following fact: If 
K >-* G + H is an exact sequence of inverse systems and K(n + l)- K(n) is an 
epimorphism for all n 2 0, then I@ G + I@ H is an epimorphism. 
1.5. Horn and tensorproduct. In all the categories described above we have the two 
shift functors s and p 
sG(n)= G(n + l), 
G(n-1) ifnal, 
pG(n)= ( G(O) ifn=O. 
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If G and H are inverse systems then define the inverse system Hom(G, H) by 
Hom(G, H)(n) = Hom(G, s”H) = Hom(p”G, H) 
and the tensorproduct G 0 H by the cokernel diagram 
;+;~+, G(i) @ H(j) “-r @ G(i)OH(j)+ G @H(n), 
i+j=n 
where p and u are induced by the natural morphisms G +pG and H -pH, 
respectively. The functor G O- is left adjoint to Hom(G, -). In fact, there is even a 
natural isomorphism of inverse systems 
Hom(G 0 H, K) = Hom(H, Hom(G, K)), 
which makes CN into a symmetric monoidal closed category. The tensorproduct of 
filtrations and the tensorproduct of graded modules are now defined by 
GC$H=F(G@H) and G&H=gr(G@H)=G@H, 
i.e.: 
G@H(n)= 1 G(i)OH(j) and G&H(n)= @ G(i)OH(j), 
i+j=n I+,=” 
respectively. By the properties of Horn given in the next proposition we also have 
natural isomorphisms 
Horn (G &H, K) = Hom(H, Hom(G, K)) and Hom(G &H, K) 
3 Hom(H, Hom(G, K)) 
in the filtered and the graded case, respectively 
1.6. Proposition. The functor Hom(G, -) preserves filtered, separated, complete and 
graded objects. 
Proof. It is clear from the definition that S” Hom(G, H)=Hom(G, s”H) and that 
Hom(G, -) preserves monomorphisms. The assertion about filtered and graded 
objects follows from these facts, since an inverse system H is a filtration or a graded 
object if and only if the natural morphism sH + H is a monomorphism or the 
zeromorphism, respectively. Now, if H is a filtration let &H = cok(s”H w H). 
Then fi = I@ &H, and the natural isomorphisms S” Hom(G, H)- Hom(G, s”H) 
” 
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induce commutative triangles 
Hom(G, H) Hom(G,H) 
/ \ 
4, HodG, W - HONG, (Cr,W Hom(G, H) H Hom(G, H) 
Thus, Hom(G, H) is separated or complete whenever H is. 
1.7. Using the tensorproducts defined in 1.5 it is now easy to say what a ring R and 
what R-modules in the category C”, fC or CiN’ should be. If R is a filtered ring then 
RCN, RfC and RCINi shall always denote the category of R-objects in C”, the 
category of filtered R-modules (R-filtrations) and the category of gr R-modules, 
respectively, The functors F, S, A and gr clearly “lift” to the new situation and so 
does Proposition 1.4. If N and L are left R-objects and M is a right R-object then 
the tensorproduct iMORN and HomR(N, L) are defined in the obvious way. Pro- 
position 1.6 applies of course if we replace Hom(G, -) by HomR (N, -). Thus, there 
are natural adjunction isomorphisms 
Horn 
( 
M 0 N, G 
) 
= HomR (N, Hom(A4, G)), 
R 
HomR (N 0 G, L) = Hom(G, HomR (N, L)) 
and corresponding isomorphisms in the graded case. 
1.8. Regular projectives. Let R be a filtered ring and let s and p be the shift 
functors defined in 1.5. An R-filtration P is called regular projective if HomR(P, -) 
preserves regular epimorphisms. The set of R-filtrations 
is a set of small regular projective generators for RCN as well as for RfC, i.e.: 
HomR(p”R, -) preserves and reflects regular epimorphisms and also preserves 
coproducts. This is an immediate consequence of the isomorphisms 
HomR(p”R, M)=HOmR(R, s”M)=HOmR(R, M)(n)=M(n). 
In particular, every R-object M has a regular projective covering n: @p”lR --u M 
and thus a regular projective resolution, i.e.: a resolution consisting of regular 
projective objects and regular morphisms. These resolutions can be used to 
compute the filtered Tor- and Ext-functors. If PO--u M is such a resolution then 
gr PO + gr M is a (graded) projective resolution of the gr R-module gr M. The 
spectra1 sequence mentioned in the introduction and discussed in Section 3 is a 
consequence of this fact. Finiteness conditions for R and M which guarantee 
convergence of the spectral sequence are the subject of the next section. 
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2. Finiteness conditions 
L. Griinenfelder 
-3.1. If R is a filtered ring then { p”R 1 n EN} is a set of small regular projective 
generators for the category of inverse systems RCN as well as for the category of 
R-filtrations RfC The functor gr transforms this set into a set of small projective 
generators for the category of gr R-modules RCIN’. A finite direct sum of the form 
F = @p”‘R will be called a finitely generated free R-filtration. The finitely generated 
and the finitely presented objects of RfC can now be characterized in the usual 
way. 
2.2. An R-filtration M is finitely generated if and only if there is a regular 
epimorphism q: F * M where F is finitely generated free and finitely presented if 
in addition the kernel of 7 is finitely generated. M will be called Noetherian if,every 
regular subobject is finitely generated. Finally call M coherent if it is finitely 
generated and every finitely generated regular subobject is finitely presented. R 
itself is called Noetherian or coherent if it is so as an object of RfC. The properties 
of all these objects are analogous to those in the abelian case [I I, p. 88 ff .]. The 
proofs are easily adjusted to the present additive situation. In particular, the full 
subcategory of Noetherian (coherent) R-filtrations is finitely complete and additive. 
In case R itself is Noetherian (coherent) this full sub-category is isomorphic to the 
category of finitely generated (finitely presented) objects. 
2.3. Proposition. Let M be a filtered R-module. 
(i) If M is finitely generated, finitely presented or Noetherian, then so is M(0) (as 
R (0)-module). In particular, if R is Noetherian, then so is R (0). 
(ii) If M is finitely generated or finitely presented, then so is gr M (as gr R- 
module). 
(iii) The natural morphism of I?-filtrations CY,~ : k @ M + I%? is a regular epimor- 
phism if M is finitely generated and an isomorphism of M is finitely presented. 
(iv) If R is Noetherian (coherent), then k 0, - : I?.fC - RfC preserves kernels of 
regular epimorphisms. 
Proof. (i) Since the functor evaluation at zero M-M(O) preserves all limits and 
colimits it clearly preserves finitely generated and finitely presented objects. If M is 
Noetherian, N H M(0) + 0 an exact sequence of R (0)-modules and Q = do the 
contant R-filtration (i.e.: Q(n)= 0 for all n 3 0) then N = ker(M + Q) is a finitely 
generated regular subobject of M. Thus, N = N(0) is a finitely generated R(O)- 
module. 
(ii) The functor gr: RfC + RCIN’ preserves coproducts and by 1.4 it also 
preserves regular epimorphisms and their kernels. Hence, gr preserves finitely 
generated and finitely presented objects. 
(iii) By 1.4 the completion functor A : RfC + RfC preserves regular epimor- 
phisms and their kernels. Since it also preserves finite coproducts and R O,- 
: RfC + I?fC preserves colimits the assertion follows easily. 
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(iv) In RfC every object is a filtered colimit of finitely presented R-filtrations 
and filtered colimits commute with finite limits. Moreover, if R is Noetherian 
(coherent) then so is every finitely presented R-filtration. Now use (iii) to complete 
the proof. 
2.4. Proposition. Let R be a complete filtered ring and let M be a separated R- 
filtration. 
(i) If M is finitely generated, then M is complete. 
(ii) If gr M is finitely generated, finitely presented, Noetherian or coherent, then so 
is M. In particular, R is Noetherian (coherent) whenever gr R is. 
Proof. (i) Since M is finitely generated there is a regular epimorphism n: F,, --w M 
for some finitely generated free R-filtration F,,. By 1.4 6: fi,,- I%? is a regular 
epimorphism too. F0 complete and M separated now imply that M is complete. 
(ii) If gr M is finitely generated then there is an epimorphism ii: gr F,, --w gr M 
for some finitely generated free R-filtration FO. since F,, is projective in RCN, fl can 
be lifted to a morphism n: FO+ M such that gr n = 77. By 1.4 +j is a regular 
epimorphism. Thus, if M is separated the n = 6 and M is finitely generated and 
complete. If gr M is finitely presented and K = ker n then K is complete and 
gr K = ker f is finitely generated. Hence, K is finitely generated and M is finitely 
presented. The rest follows from the fact that gr preserves regular monomorphisms. 
2.5. The AR-property. Let us note first that the ascending chain condition on 
regular subobjects is weaker than Noetherian in RfC. In fact the functor evaluation 
at zero M++M(O) preserves and reflects objects satisfying A.C.C. but does not 
reflect Noetherian objects. Our Noetherian condition in RfC rather means A.C.C. 
plus a strong Artin-Rees type condition. We shall make this statement precise in 
the case of adically filtered rings. 
Let A be a ring and let J be a two-sided ideal which is finitely generated as a left 
ideal. We shall say that J has the AR-property if for every coherent A-module M 
and every finitely generated submodule N there exists an integer no such that 
NnJ”“+‘McJN, 
or equivalently the J-adic topology on N coincides with the restriction to N of the 
J-adic topology on M. J has the strong AR-property if 
Nn JnO+k M = Jk(N n J”“M) for all k > 0. 
These are the obvious generalizations from the Noetherian [lo], [15] to the 
coherent case. If A is commutative and Noetherian then every ideal satisfies 
the strong AR-property. If A is not commutative or not Noetherian then not 
even the “weak” AR-property is usually satisfied. Nevertheless there are very 
interesting noncommutative rings and ideals that satisfy the AR-property. Exam- 
ples are the augmentation ideal of the universal envelope of a finite dimensional Lie 
algebra or of the group ring of a finitely generated nilpotent group. The following 
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proposition makes the connection between the Noetherian condition in RfC and 
the AR-property. The reader will find it easy to supply his own proof. 
2.6. Proposition. Let R be a ring filtered by the powers of a two-sided ideal J which 
is finitely generated as a left ideal. Then : 
(i) If R(0) is Noetherian (coherent) and J has the strong AR-property, then R is 
Noetherian (coherent) as a filtered ring. In the Noetherian case the converse is also 
true. 
(ii) If R is complete and gr R is Noetherian, then R(0) is Noetherian and J 
satisfies the strong AR-property. 
(iii) If R (0) is Noetherian (coherent) and Jsatisfies the AR-property, then k (0) is 
R (0)-pat. 
An example due to J. P. Soublin [16] shows that (ii) and the converse of (i) are 
false in the coherent case. Let A be the subring of stationary sequences of Q’, let 
R = A[[x]] and let J be the ideal generated by x. R is complete in its J-adic 
filtration and gr R = A[x] is coherent. By 2.4, R is coherent as a filtered ring but 
R(0) is not coherent in the ordinary sense. 
2.7. Proposition. If R is complete, then gr: RfC + RCIN’ determines a bijection 
between the set of isomorphism classes of finitely generated regular projective R- 
filtrations and the set of isomorphism classes of finitely generated projectives gr R- 
modules. 
Proof. gr defines a map between the two sets of isomorphism classes since the 
regular projectives in RfC are exactly the retracts of the free objects. Surjectivity: 
If P is a finitely generated projective gr R-object then there is a finitely generated 
free R-filtration FO and a split epimorphism 
Since F0 is projective in RCN the sequence 
HomR (Fo, CO) ++ HomR (Fo, Fo) ++ HomR (Fo, gr FU) 
is exact in AbN and A = HomR(Fo, F,) is a complete filtered ring with A(n)= 
HomR (F,, s”FO) and 
A(O)IA (1) = HomR (Fo, gr Fo) = Horn,,, R (gr Fo, gr Fo). 
By the following lemma the idempotent .? = Kjj: gr F0 -+ gr F0 can be lifted to an 
idempotent e: F,,+ F0 such that gr e = c?. Now take the regular decomposition 
F0 G P A F,, of e in RfC. ~77 = e = e2 = ~77~77 implies 7)~ = 1 and P is a retract of 
FO, hence regular projective in RfC. The splitting Z = gr e = gr K gr n is a regular 
decomposition of t? in RCiN’ and thus gr P = p. Injectivity: Let P and P’ be finitely 
generated projectives in RfC. since P is also projective in RCN every morphism 
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7: gr P -+ gr P’ is of the form f= gr f for some f: P + P’ in RCN. As retracts of 
finitely generated free R-filtrations both P and P’ are complete. Thus, by 1.4 f is an 
isomorphism if and only if f is an isomorphism. 
Lemma. Zf R is a complete filtered ring, then every idempotent of R/R(l) can be 
lifted to an idempotent of R. 
Proof. The following is just an obvious modification of the proofs of 2.17 and 2.19 
of [18]. It is to show that an idempotent el of R/R(l) can be lifted to an idempotent 
of R/R(n) for n > 1, one step at a time. If XE R is such that vr(x)=ei then 
x*-x E R(1). Here q,,: R + R/R(n) is the canonical projection. Let us search for a 
polynomial f with integer coefficients such that y = x +(x2 - x)f(x) satisfies y2 - y E 
R(2). If such a polynomial f exists then n2(y) = e2 is an idempotent in R/R(2) and 
vi(y)= el. The second term of 
is already contained in R(2) and it is clear that f(x) = 1-2~ will do the trick for the 
first term. Proceed by induction to obtain a sequence {e, E R/R(n)} of lifted 
idempotents. This sequence then represents an idempotent e of R such that 
77”(e) = e,. 
2.8. Projective covers. Proposition 2.7 is particularly useful in this context. Let us 
first formulate an obvious generalization of the concept of a projective cover [5], 
[18] to the present additive situation. A regular epimorphism 7: P * M of R- 
filtrations is called a regular projective cover of M if 
(i) P is regular projective and 
(ii) any regular morphism K: IV + P for which the composition 7~ is a regular 
epimorphism is itself a regular epimorphism. 
It follows immediately from the definition that 77: P + M is a regular projective 
cover if and only if n(O): P(0) --u M(0) is a projective cover of the R(O)-module 
M(0). In particular, if R/R(l) is a semi-simple ring and 77: P + M is a regular 
projective cover then 
R/R(l)@PA+R/R(l)FM 
R 
is an isomorphism. A regular projective resolution PO + M (see 1.8) is called 
minimal if the regular epimorphism in the regular decomposition of each of its 
morphisms is a projective cover. 
2.9. Theorem. Let R be complete and let M be a finitely generated separated 
R-filtration. 
(i) Zf gr M has a projective cover, then it is finitely generated and M has a finitely 
generated regular projective cover. 
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(ii) If gr R is Noetherian (coherent) and semi-perfect, then every finitely generated 
(finitely presented) sephrated R-filtration has a finitely generated minimal regular 
projective resolution. 
Proof. (i) Since gr A4 is finitely generated it is clear that the projective cover in 
question is finitely generated. By 2.7, 2.4(i) and 1.4 it must be of the form 
gr n : gr P--f gr M for a uniquely determined (up to iso.) finitely generated regular 
projective R-filtration P and a regular epimorphism n : P --w M. It obviously suffices 
to check the regular projective cover property of n using regular monomorphisms 
K: N H P. If 77~ is a regular epimorphism then gr(qK) = gr n. gr K is an epimor- 
phism of gr R-modules. Thus, gr K being a monomorphism is an isomorphism by 
the projective cover property of gr 7. Since P is (regular) projective in RCN the 
morphism ii = (gr K)~’ can be lifted to a morphism p: P + N such that gr p = i. But 
by 1.4 gr(Kp) = 1 and the completeness of P implies that up is an isomorphism. 
Hence, K is an isomorphism and 7: P + A4 is a regular projective cover. 
(ii) Let gr R be Noetherian (coherent) and semi-perfect. By (i) every finitely 
generated (finitely presented) separated R-filtration A4 has a regular projective 
cover n : P + M. By 2.4(ii) R is Noetherian (coherent) and thus K = ker n is finitely 
generated (finitely presented). Now apply the usual step by step procedure to 
construct the finitely generated minimal regular projective resolution for A4. 
3. The spectral sequence 
In this section we shall discuss the spectral sequence mentioned in the intro- 
duction. Simple conditions for finite convergence follow readily from the results of 
Section 2. The section ends with some remarks about local rings. 
3.1. If X,, is a filtered complex in the abelian category C, then the homology exact 
couple of the short exact sequence of complexes 
gives rise to a spectral sequence 
{(E’, d’); r = 1, 2, .} 
where EL,fl = H,,(gr, X0) and deg d’ = (r, - 1). Under suitable conditions the spec- 
tral sequence converges to H(X,,), i.e.: 
E” = gr FH(X,,). 
This happens in particular if the filtration of X,, is finite in each degree. Note that 
our indexing is not the conventional one but is more natural for our particular 
spectral sequence. 
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3.2. If R is a filtered ring, then the “derived” functors of 
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Ng-:RfC+fC 
are the filtered Tor-functors. They can be computed using regular projective 
resolutions. If Xo-+M is such a regular projective resolution of the R-filtration M 
then gr X0 -+ gr M is a (graded) projective gr R-resolution of gr M. Moreover 
for any right R-filtration N and the spectral sequence of the filtered complex 
N 0, X, has initial term 
E’=H 
( 




Using the results of Section 2 we easily obtain the following convergence theorem. 
3.3. Theorem. (i) If R is Noetherian (coherent) and M is a finitely generated 
(finitely presented) R-filtration, then there is a finitely convergent spectral sequence 
TorgrR(gr N, gr M)+TorR(N, M) 
for any finite right R-filtration N, i.e. E” = gr TorR(N, M) and the filtration on 
TorR(N, M) is finite in each dimension. 
(ii) If R is complete, R/R(l) is semi-simple and gr R is Noetherian (coherent), 
then 
Tor”‘R(R/R(l),grM)=grTorR(R/R(l),M) 
for any finitely generated (finitely presented) R-filtration M. 
Proof. (i) If R is Noetherian (coherent) then by 2.2 every finitely generated 
(finitely presented) R-filtration M has a finitely generated regular free resolution 
X, *M. If, furthermore, N is a finite right R-filtration then the filtration of 
N @R X, is finite in each dimension and the spectral sequence converges finitely. 
(ii) By [5, Prop. 1.51 our hypotheses imply that gr R is semi-perfect, i.e. every 
finitely generated gr R-module has a finitely generated projective cover. Thus, by 
2.9 every finitely generated (finitely presented) R-filtration M has a finitely 
generated minimal regular projective resolution X, * M such that gr X0 + gr M is 
a minimal projective resolution of gr M. The assertion now clearly follows from the 
isomorphism of complexes 
There are of course a lot of adically filtered rings that satisfy the conditions of 
3.3. In view of 2.6 the theorem can be interpreted as follows in this case. 
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3.3’. Theorem. Let A be a ring and let M be a finitely presented A-module both 
filtered by the powers of a two-sided ideal J which is finitely generated as a left ideal. 
If either 
(i) A and gr A are Noetherian (coherent) and Jsatisfies the AR-property or 
(ii) A is complete and gr A is Noetherian (coherent), then there is a finitely 
convergent spectral sequence 
ToPA(A/J, gr M)JTorA(A/J, M). 
If, in addition, A/J is a field, then 
ToFA(A/J, gr M)=TorA(A/J, M). 
Proof. Let us just remark that by 2.6 the condition (i) implies that d is A-flat and 
that by 2.3 A @M=& so that TorA(A/J, M)=Tor”(A/J, &?). Since gr A is 
Noetherian (coherent) d is Noetherian (coherent) in the filtered sense (by 2.4) and 
3.3 applies. If A/J is a field the isomorphism follows from the fact that the filtration 
of TorA(A/J, M) is finite in each dimension. 
We close this section with some remarks about the important special case of a 
local ring. Under the condition 3.3’(ii) where A/J is a field A is of course local. 
3.4. Corollary. Let A be a local ring with maximal ideal m and (commutative) 
residue class field k = A/m. If either 
(i) A is complete and gr A is a Noetherian (a finitely generated coherent) k- 
algebra, or 
(ii) A is commutative and Noetherian, then 
TorgrA(k, k)=TorA(k, k). 
Proof. (i) is the special case of 3.3’(ii). If A is commutative and Noetherian then m 
satisfies the strong AR-property and gr A is Noetherian so that (ii) falls under the 
special case of 3.3’(i). 
In the commutative case the existence of minimal resolutions has been exploited 
in several papers [13, p. IV. 46ff]. A n efficient way to construct them is given for 
example in [19]. 3.4(ii) can be used to simplify the proof of: A is regular if and only 
if gr A is a polynomial algebra. 
As a non-Noetherian example let us mention the ring of formal powers series 
A=k((x,,..., x,)) in a finite number of non-commuting variables over the field k. 
gr A = k(xl, . ,x,) is a non-commutative polynomial ring which is a finitely 
generated coherent k-algebra but is not Noetherian. In this case we have of course 
To&k, k)=ToCA(k, k)=O for n > 1. 
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Left Noetherian examples which are not right Noetherian can be constructed 
along the lines of [4], p. 159, Ex. 5. Let A be a commutative Noetherian local ring. 
If CY: A -+ A is a local endomorphism (i.e. an endomorphism compatible with the 
m-adic filtration) then B=A@A with multiplication (x, y)(x’, y’) = 
(xx’, xy’ + CY (x’)y) is a left (but not right) Noetherian local ring. The maximal ideal 
m@A of B satisfies the AR-property since the maximal ideal m of A does. The 
graded endomorphism gr (Y of gr A defines the multiplication in gr B. gr B is left 
Noetherian (since gr A is Noetherian) so that 3.3’(i) is applicable. 
4. Applications to the homology of groups and associated Lie rings 
If G is a group then let for any prime p or p = 0 
...aGP,+l~GPna,..aG~aG~=G 
be its lower central p-series. GP,+i is the subgroup of G generated by 
{xyx-‘y-‘zP Ix E G; y, z E GE}. In case p = 0 we shall omit the superscript. The 
graded abelian group 
LPG= @ GP,/G:+, 
n3l 
has the structure of a p (or restricted) Lie algebra over [F, = E/p Z if p > 0 and over 
Z if p = 0. If kG is the group algebra of G over the commutative ring k of 
characteristic p and JG = ker (& : kG + k) is the augmentation ideal then the graded 
k-algebra 
gr kG = @ JG”/JG”+’ 
“30 
is intimately related to the restricted universal enveloping algebra U(LPG 0 k) of 
the restricted Lie algebra L’G 0 k. There is a natural surjective homomorphism of 
graded rings 
&,G: U(LPG 0 k)+gr kG 
which is an isomorphism if k is a field [12]. Moreover 
&:ULG+grEG 
is an isomorphism if LG is Z-free [2]. These isomorphisms 
the homology of G and the homology of LPG in certain 
generated nilpotent then the link to the condition of 3 
following two lemmas. 
allow a comparison of 
cases. If G is finitely 
3 is provided by the 
4.1. Lemma. If k is a commutative Noetherian ring and G is a finitely generated 
nilpotent group, then the group algebra kG is left and right Noetherian and the 
augmentation ideal JG satisfies the left and right AR-property. 
34 L. Griinenfelder 
Proof. See for example [15], [lo] and [3]. 
4.2. Lemma. If L is a Lie algebra over a principal ideal domain k which is finitely 
generated as a k-module, then the universal enveloping algebra U(L) is left and right 
Noetherian. 
Proof. Consider the natural surjection n: T(L)+ U(L) from the tensor algebra of 
the k-module L onto the universal envelope U(L). The increasing filtration on 
T(L) given by the natural grading induces an increasing filtration on U(L) which is 
exhaustive and separated. M. Lazard [7] shows that if k is a principal ideal domain, 
then there is a PBW-theorem for U(L), i.e. the associated graded ring of U(L) is 
isomorphic to the symmetric algebra of the k-module L. gr U(L)= S(L) is then 
obviously Noetherian if L is finitely generated as a k-module. The rest of the proof 
now follows in exactly the same manner as if k were a field [6, V. Th. 4., Th. 61,. 
4.3. Theorem. Let G be a finitely generated nilpotent group. Then : 
(i) There is a finitely convergent spectral sequence 
TorgrLG (Z M)J H(G, M) 
for any finitely generated G-module M. 
(ii) If k is a field of characteristic p 3 0 and G is nilpotent (p), then 
H(L”G, k)= H(G, k). 
(For p > 0 the condition is satisfied if and only if G is a finite p-group [ 171.) 
Proof. (i) If G is finitely generated nilpotent then by 4.1 ZG is Noetherian and the 
augmentation ideal JG satisfies the AR-property. By 2.6 the JG-adic completion 
Z% is ZG-flat and thus 
TorZq(Z, fi)=TorZG(Z, M)= H(G, M). 
LG is a finitely generated nilpotent Lie-ring so that by 4.2 its universal envelope 
ULG is Noetherian. Since the natural morphism q+G: ULG +gr HG is surje*e 
gr EG is Noetherian too. The assertion now follows from 3.3(i) since by 2.4 ZG is 
Noetherian as a filtered ring. 
(ii) Proceed as in (i) replacing Z by k, LG by LPG 0 k (which is finite dimen- 
sional) and note that 
4k,G: U(L’G 0 k) -+ gr kG 
is always an isomorphism [12]. In case p > 0 the restricted universal envelope 
LJ(L’G 0 k) is even finite dimensional, (hence Artinian) by the PBW-theorem for 
restrizd Lie algebras [6]. Since kG/JG = k is a field we can apply 3.3(ii) to 
R = kG to get a natural isomorphism of graded vector spaces 
H(LPG, k)= gr H(G, k). 
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The filtration on H(G, k) is finite in each dimension and thus H(LPG, k)~ 
H(G, k). 
4.4. The results of 4.3 can now be used to get information about H(G, k). In case 
p > 0 a reasonably small LPG-resolution of k is given in [S], but it seems quite 
difficult to extract sufficient information from it. If p = 0, we are much better off. 
It follows from 4.3(ii) that the homology of a finitely generated nilpotent group G 
with coefficients in a field k of characteristic 0 can be calculated using the Koszul- 
complex of the Lie algebra LG 0 k, i.e. 
gr H(G, k) = H(LG, k) = H(E(LG 0 k)) 
where E(LG @ k) is the graded exterior algebra complex of the graded vector- 
space LG 0 k with differential 
4x1, x2, . . . , xs) = Is,;j’s (-l)“‘([& 41, Xl, , x^i, . . . 14, . . > &). 
If G is of nilpotency class c and dimk(G,/G,+i 0 k) = p,, then the Hirsch number 
h=h(G)= f /_~r 
,=I 
and the integer 
1=1(G)= i rpr 
r=l 
describe the region outside which the bigraded vectorspace E(LG 0 k) is zero. 
More precisely, if 
h, = h(G/G,+,) and 1, = l(GIG,+1), 
then 
(i) E_.,, = 0 if m > h(G) and E,,_ = 0 if n > 1(G). 
(ii) &,, =0 if n=l,+p, m=h,+q or n=l-1,-p, m=h-h,-q and p< 
(s + 1 )q. 
(iii) El,,h, = ? G/G2 7 G2/G3 ? ’ ’ . ? G,/G,+,, 
E,-l,,h-,,, = ILK+’ Gs+JGs+> “A+‘. . ’ ? G,/G,+l. 
The non-vanishing components of E(LG 0 k) are the lattice points of the convex 
hull of the set 
{(ls,h,),(l-l,,h-h,)ls=O,l,...,c}. 
In particular we immediately obtain the following well-known results H,(G, k) = 0 
for 12 > h(G) and Hh(G, k)= El,h = k. If G is abelian, then of course H,(G, k)= 
A”GOk. 
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In case LG is E-free 4.3(i) can be improved by similar arguments involving the 
Koszul complex E(LG). 
4.5. Corollary. Let G be a finitely generated nilpotent group such that LG is R-free. 
Then : 
(i) There is a finitely convergent spectral sequence H(LG)+H(G). 
(ii) H,(G)2 H,(LG)= 0 for n > h(G), H,,(G)= Ht,(LG)= Z and H+I(G)~ 
Hh-I(LG). 
(iii) Zf h(G)< h(Gab)+ 1, then H(G)= H(LG) and H,(G)= A” G if G isabelian. 
(iv) Zf G is of class 2, then Hz(G) = H2(LG). 
Proof. Since LG is E-free +o: ULG +grZG is an isomorphism [2] and (i) is 
immediate by 4.3(i). By 2.7 the Koszul resolution V(LG) = U(LG) 0 E(LG) of 
the trivial LG-module Z can be lifted stepwise to a finitely generated regular 
projective .&?-resolution X0 of Z such that gr X0 z V(LG). From the properties of 
the exterior algebra complex E =E(LG) ( see 4.4) we conclude that H,(G)= 
H,(LG) = 0 if n > h(G), 
Ht,(G) = Ht,(LG) =Et,t, = H and gr Hh_l(G)~Hh_l(LG)~E_.~_~. 
Since E(LG 0 Q) = E(LG)@Qand since by 4.3(ii) gr H(G, Q) = H(LG, CD) it follows 
that HhPl(G) = HheI(LG). (iii) and (’ ) IV are clear from the properties of E(LG). 
4.6. Note that although the functors Lp, gr and H preserve filtered colimits our 
methods do not generalize to include all nilpotent groups (even less all locally 
nilpotent groups). This is because everything depends on the existence of particular 
resolutions and projective covers which are not functorial. However, there are 
generalizations in other directions. 
Corollary. (i) Zf Go is the rationalization or the Malcev completion of a f.g. nilpotent 
group G, then 
H(LGO)= H(G,,). 
(ii) Zf G = n,,, G”’ IS a coproduct of f.g. nilpotent groups and LG”’ is z-free for all 
i E Z, then 
HWG, CD) = H(G, Q). 
Proof. (i) follows from 4.3 and the isomorphisms LGo= LG @Q, H(GO)= 
H(G, CP) [17]. (ii) By [14] LG =nisrLGCi). Thus, the assertion is a consequence of 
4.3 and the fact that homology preserves coproducts. 
4.7. Let us conclude with a remark on Hopf algebras which in disguised form made 
its appearance in this section. Suppose that A is a cocommutative Hopf algebra 
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over the field k of characteristic p and that JA = ker(A :k) is the augmentation 
ideal. The graded algebra gr A associated with the JA-adic filtration on A is a 
connected primitively generated Hopf algebra. Thus UP(gr A)=gr A, where the 
left hand side is the restricted universal enveloping algebra of the p-Lie algebra of 
primitive elements of gr A (see for example [9]). The important fact used in 4.3, 
that 4k.o: U(LPG 0 k)+ gr KG is an isomorphism if k is a field is equivalent to the 
morphism of p-Lie algebras LpG 0 k +P(gr kG) being an isomorphism [12]. 
Hence, 4.3(ii) can be thought of as a corollary of the following proposition 
concerning the homology H(A, k) of a Hopf algebra A and of 4.1. 
Proposition. Let A be a cocommutative Noetherian Hopf algebra over the field k of 
characteristic p. If JA satisfies the AR-property and P(gr A) is finite dimensional, 
then 
H(P(gr A), k)= H(A, k). 
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